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Although one-dimensional systems that exhibit translational symmetry are generally believed to exhibit
anomalous heat transport, previous work has shown that the model of coupled rotators on a one-dimensional
lattice constitute a possible exception. We investigate the equilibrium spatiotemporal correlations of energy
and momentum of the rotator model, and find that both these fields diffuse normally. The normal diffusion is
explained within the framework of fluctuating hydrodynamics by observing that the angle variables do not con-
stitute a conserved field, which leads to the absence of long-wavelength currents in the system. As an outcome
of our analysis, we propose some general criteria for normal transport based on the existence of conservation
laws.
The nature of heat transport in one-dimensional systems has
been in debate over the last few decades. Most numerical as
well as analytical studies of momentum-conserving systems
show an anomalous behavior of the heat conductivity κ [1–
17]. In the limit of large system size N , one generally finds
that
κ ∼ Na
with 0 < a < 1, which means that the thermodynamic limit
for the conductivity does not exist and Fourier’s law is not
valid. However, there are certain contradicting claims in the
literature regarding the generality of this scenario. It has been
claimed that the value of amay depend on the properties of the
inter-particle potential and that one can get normal transport,
i.e a = 0, in certain kinds of potentials and parameter regimes.
For example, normal transport has been reported in the so-
called rotor model at sufficiently high temperatures [18, 19].
On the other hand there are other studies on several systems
including the α−β Fermi-Pasta-Ulam system, which find nor-
mal transport at low temperatures and anomalous transport at
high temperatures [21, 22]. Extensive numerical studies of
some cases suggest the possibility that some of these may be
arising from finite-size effects [23, 24]. The recent approach
to transport theory, based on fluctuating hydrodynamics [15–
17], offers the possibility of a unifying perspective. The main
aim of this Letter is to provide an understanding of the numer-
ical observations on the rotor model within the framework of
fluctuating hydrodynamics, which helps illustrate the role of
conservation laws in heat transport.
We consider one-dimensional systems on a ring, each par-
ticle described by a coordinate q(x) and momentum p(x),
with x = 1, . . . , N . Defining r(x) = q(x + 1) − q(x), the
Hamiltonian is written as H =
∑N
x=1 e(x), where e(x) =
p2(x)
2 + V [r(x)]. The key ingredient in hydrodynamics is to
identify the locally conserved fields in the system, with their
fluctuations around the equilibrium value represented by the
vector ~u(x, t) = {u1, . . . , un} for n conserved variables. The
corresponding currents are denoted by ~j(x, t). In fluctuating
hydrodynamics, one adds noise and dissipation terms to the
currents, and takes the continuum limit to obtain
∂tuα = −∂x [jα − ∂xDαβuβ +Bαβξβ ] . (1)
The noise terms ξ are stationary Gaussian processes sat-
isfying 〈ξα(x, t)〉 = 0 and 〈ξα(x, t)ξβ(x′, t′)〉 = δαβδ(x −
x′)δ(t − t′). The noise and dissipation matrices B,D, sat-
isfy the fluctuation-dissipation relationDC0 +C0D = BBT ,
where C0αβ = 〈uα(0, 0)uβ(0, 0)〉, angular brackets denot-
ing equilibrium averages. The introduction of the noise and
dissipation terms rules out integrability indirectly, and also
allows one to derive and solve the corresponding Fokker-
Planck equations with a plausible ansatz [17]. But quite apart
from the mathematical convenience, it is important to under-
stand what they physically represent. In deriving the contin-
uum hydrodynamic equations, one necessarily loses informa-
tion about the short-wavelength behavior, with the continuum
equations containing only the modes that relax on the longest
length and time scales. Although a rigorous derivation is lack-
ing, the fluctuation and dissipation terms may be taken to rep-
resent the effects of the faster modes on the long-wavelength
behavior of the system. The fluctuation-dissipation relation
asserts that these modes are thermalized, whereas the lack of
correlation of the noise terms in space and time indicate their
fast relaxation in equilibrium. It should be possible in prin-
ciple to derive the diffusion coefficients in Eq. (1) following
the Hamiltonian derivation of the Navier-Stokes equations in
[20].
In a general one-dimensional non-integrable system, one
has three conserved fields and corresponding currents given
respectively by ~u = (r, p, e) and ~j = (−p, P, pP ), where the
field now represents the local fluctuations of stretch, momen-
tum and energy about their respective equilibrium values. The
local pressure field is P (x, t) ≡ −∂rV (r(x, t)). The thermo-
dynamic pressure is given by P¯ = −〈∂rV (r)〉. This is the
case addressed in [17], where the hydrodynamics is treated by
expanding the currents up to second order in the fields:
jα = Aαβuβ +H
α
βγuβuγ . (2)
The tensors A and H are expressed in terms of the derivatives
ar
X
iv
:1
41
1.
52
47
v2
  [
co
nd
-m
at.
sta
t-m
ec
h]
  1
2 J
an
 20
15
2of the pressure P¯ with respect to the energy and volume of
the corresponding microcanonical ensemble, using Maxwell-
type thermodynamic relations. When the expansion is trun-
cated to first order (i.e set Hαβγ = 0), the resulting linear
hydrodynamics can be diagonalized to obtain the three nor-
mal modes φα, one of which is a stationary heat mode and
the other two are sound-modes traveling at speeds ±c. The
second-order terms in the expansion can then be expressed as
a coupling between these normal modes φα, and the dynam-
ical correlators 〈φα(x, t)φβ(0, 0)〉 of the resulting theory are
calculated within a mode coupling approximation. In particu-
lar one finds that the heat mode correlations exhibit superdif-
fusive (Levy) scaling, which implies super-diffusive transport
of heat and universal non-zero values for a. The predicted
exponents are well-verified numerically for hard-particle type
gases and classical anharmonic chains [25, 26]. Scaling pre-
dictions from [15] are also found to hold for solutions of the
Gross-Pitaevskii equation applied to the long-wavelength be-
havior of one-dimensional Bose gases [27].
Thus to explore the possibility of normal diffusion of heat,
one has to look for cases in which there are less than three
conserved fields. Since energy is necessarily a constant of
motion, the only possibilities are where either the stretch r(x)
or the momentum p(x) (or both) are not conserved. We claim
that any of these cases lead to normal transport of energy. The
case of non-conservation of momentum has been treated quite
extensively through several models in the literature, and thus
we focus primarily on the case where stretch is not conserved.
However, as we shall see later, the hydrodynamics of the en-
ergy mode is practically identical for the two cases.
To explore the case of non-conserved stretch, consider a
Hamiltonian H with V (r) = V0 cos(r), commonly known as
the coupled rotator (CR) model. Convincing numerical evi-
dence [18, 19] exists for a finite thermal conductivity in this
model, based on direct molecular dynamics simulations of the
steady state as well as equilibrium current autocorrelations.
Note that since the potential is periodic, the angle variables
r(x) should be taken to lie within an appropriate finite range
to ensure that the partition function is finite and therefore the
canonical ensemble is well-defined. For our analysis we re-
strict it within the interval (0, 2pi), although any range that is
an integer multiple of 2pi should be expected to have identi-
cal macroscopic properties. The equation of motion of r(x)
within the range (0, 2pi) is r˙(x) = p(x+ 1)− p(x), but since
r is restricted within the cell, one should add boundary terms
at 0 and 2pi such that the r(x) are reset whenever the pre-
scribed range is exceeded. This discontinuity in r(x) is not in
general compensated by a simultaneous change in the nearest
neighbors, which means that r(x) is not a locally (or globally)
conserved field.
This crucial observation implies that the thermodynamic
conjugate of stretch, the pressure P¯ , is necessarily zero. In the
case of stretch-conserving models, a non-zero pressure is in-
corporated into the equilibrium description by modifying the
Gibbs weight of each microstate such that Prob({r(x)}) ∼
Πx e
−β[V (r(x))+P¯ r(x)]. This measure remains invariant under
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FIG. 1: (color online) Plot of the autocorrelation of momentum (left)
and energy (right), scaled in accordance with normal diffusion and
normalized with C(0, 0), which is computed numerically from the
equilibrium distribution. The dashed black lines correspond to nor-
malized Gaussians with the respective diffusion constants mentioned
in the figures.
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FIG. 2: (color online) Plot of conductivity for V0 = 1 and T = 1
through three different methods. The circles and the boxes show
the size-dependent behavior of the conductivity as obtained from the
Green-Kubo formula and direct nonequilibrium simulations respec-
tively. The dashed straight line is the value of the conductivity as
predicted from the specific heat density and the diffusivity of the heat
mode. The small discrepancy between the diffusivity and the Green-
Kubo results is likely due to the fact that terms second-order in the
temperature gradient are ignored in the derivation of the expression
for diffusivity.
the dynamics since
∑
x r(x) is conserved. However, when
the stretch is not conserved, as in the case of the CR model,
the measure is invariant only for P¯ = 0. It is important to
emphasize that the equilibrium pressure of the rotator model
is identically zero, unlike the special case of zero pressure in
stretch conserving systems, where the derivatives of pressure
with respect to energy and volume are finite even at zero pres-
sure and thus the normal modes remain coupled [17]. For the
CR model, the non-conserved field r drops out from the hy-
drodynamic description. Since P¯ is identically zero, the cou-
pling tensors A and H in Eq. (2) (and any higher-order terms
that may be included) vanish, and the hydrodynamic currents
j are zero. The local pressure continues to fluctuate on a mi-
croscopic scale, but these fluctuations are effectively incorpo-
3rated into the noise and dissipation terms in the net current.
Thus the conserved field in this model is ~u = (p, e), and the
corresponding hydrodynamic equations are
∂tuα = −∂x [−∂xDαβuβ +Bαβξβ ] . (3)
As in the case of stretch-conserving systems, we find nu-
merically that the cross-correlations decay rapidly, and then
the auto-correlations Cαα(x, t) ≡ 〈uα(0, 0)uα(x, t)〉 can be
shown to be
Cαα(x, t) =
1√
4piDααt
exp
[
− x
2
4Dααt
]
, (4)
implying diffusive transport of both momentum and energy.
Sound modes are absent in the hydrodynamic limit.
We check these predictions with numerical simulations. We
have performed molecular dynamics simulations of the CR
model in equilibrium, choosing the initial conditions from
the Gibbs distribution, and integrating the system using the
fourth order Runge-Kutta as well as the velocity Verlet al-
gorithm. The normalized correlation functions of momen-
tum, Cpp(x, t)/Cpp(0, 0) and energy, Cee(x, t)/Cee(0, 0) are
shown in Fig. (1), for V0 = 1 temperature T = 1 and a sys-
tem of size N = 400. The momentum and energy modes
have been scaled diffusively and show excellent collapse. In
fact, the scaled correlation functions are fitted very well by
Gaussian functions (dashed curves), showing that the corre-
lation functions are as predicted in Eq. (4). Note that the
form of these correlation functions are completely different
from the ones in systems with three conserved fields, where
one finds a non-Gaussian central peak in addition to traveling
sound peaks. We must mention that similar diffusive nature of
momentum correlatios in the rotator model have recently been
reported in [28].
Using Fourier’s law and assuming that temperature fluc-
tuations are small, it can be shown that κ = Ds, where D
is the energy diffusivity and s is the specific heat density.
For the present system with V0 = 1 it is calculated that the
partition function Z =
∫∞
−∞ dp e
− 12βp2
∫ 2pi
0
dr e−β cos(r) =√
2pi
β I0(β), where In(x) is the n-th modified Bessel function
of the first kind. From this one finds that
s ≡ 1
T 2
∂2
∂β2
lnZ =
1
2
[
1 + β2(1 +
I2(β)I0(β)− 2I1(β)2
I0(β)2
)
]
.
For our parameters, s = 0.9168, and using D as determined
from the numerical fitting in Fig. (1b), we get κ = 0.5749.
We compare this value with the conductivity obtained di-
rectly through two other independent ways. When the conduc-
tivity is finite, then from the Green-Kubo formula it is given
by
κ = lim
τ→∞
〈Q2τ 〉
2NT 2τ
,
where Qτ =
∫ τ
0
J(t)dt, and the total heat current
J =
N∑
x=1
p(x)∂V /∂r(x). The average is over the equi-
librium ensemble at temperature T . A second way of
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FIG. 3: (color online) Plot of S(t) at various temperatures for the CR
model with V0 = 1. Note that the decay is exponential, and even at
the lowest temperature a slow decay is evident. The inset shows the
logarithm of the correlation time against 1/T , which appears linear.
The straight line fit is y = 1.72x − 1.86, and the slope is not too
different from ∆E = 2 at this level of approximation .
determining κ is through direct non-equilibrium simulation
of the heat current. Two ends of the rotor chain are connected
to Langevin baths at temperatures T ±∆T , and the resulting
steady-state heat current is calculated and the conductivity is
obtained from the standard definition. In both these cases, κ is
computed from simulations performed for different of system
sizes. In Fig. 2, we see that the conductivity from the Green-
Kubo formula converges to the value κ ≈ 0.56, in close
agreement with the value predicted from the diffusivity above.
The values from the non-equilibrium simulations are similar,
but the larger error bars make a precise comparison difficult.
To understand the non-conservation of stretch more clearly,
we notice that for any conserved field u with zero mean, the
following exact sum rule holds:∑
x
〈u(0, 0)u(x, t)〉 =
∑
x
〈u(0, 0)u(x, 0)〉 = 〈u2(0, 0)〉,
where the last equality is for initial conditions with a prod-
uct measure. Since r(x) is not conserved in the CR model,
we expect S(t) ≡ ∑x〈r(0, 0)r(x, t)〉 to decay with time
and go to zero at long times. Since the non-conservation is
a consequence of periodicity, the time-scale associated with
the decay of S(t) must be the time-scale required for the vari-
ables ri to reach the boundary of the interval [0, 2pi]. In
an approximate single-particle picture, it is the time required
for a Brownian particle to escape the potential well repre-
sented by one wavelength of the potential. In the limit of low
temperature, this time-scale approaches the Kramers escape
time τ ∼ exp(∆E/T ), where ∆E is the height of the po-
tential well. In other words, at low temperatures we expect
S(t) ∼ exp(−t/τ), with τ roughly proportional to exp(2/T ).
Fig. 3 shows the exponential behavior of S(t), and the inset
shows that the decay time indeed scales with T approximately
as predicted (see caption for details). It was reported in [19]
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FIG. 4: (color online) Scaled plots of Cee(x) for the CR model,
for T = 0.2. The dashed line is for the corresponding anharmonic
model, at t = 800. Including higher order terms in the anharmonic
potential should produce an even better approximation. The inset
shows the corresponding plots for the anharmonic model with the
same scaling.
that there exists a transition from anomalous to normal diffu-
sion in the CR model between T = 0.2 and T = 0.3. How-
ever, as seen in Fig. 3, S(t) continues to decay at temperature
0.2 and below, but the very slow rate of decay means that it
is hard to numerically observe the asymptotically converging
thermal conductivity on numerically accessible scales. So the
apparent anomalous diffusion reported in [19] is possibly a
finite-size effect. Similar objections to the claim was made in
[18, 29], though not from the viewpoint of conservation laws.
At low temperatures, each angle variable spends most of its
time fluctuating near the potential minimum. Thus at short
times, the hydrodynamics must be well-approximated by an
anharmonic expansion of the CR potential around the mini-
mum at r = pi, while the crossover to normal diffusive be-
havior should start to occur at the time-scales indicated in
Fig. (3). To check this, we consider the anharmonic chain
obtained after truncating the CR potential (with V0 = 1) at
the first stable anharmonic term, obtaining V (r) = r2/2 −
r4/24 + r6/720. This system has three conserved fields, as
discussed before. For anharmonic chains at zero pressure, hy-
drodynamics predicts that the heat mode scales as x ∼ t2/3
[17]. We simulate the equilibrium correlations for this model
for comparison. The energy mode for the CR model (Fig. 4)
satisfies an anomalous scaling x ∼ t0.62. The dashed line
gives numerical results from the truncated anharmonic poten-
tial, which is in good agreement with the CR model up to the
simulation time. The inset shows the same correlations for the
anharmonic potential with the same scaling. The scaling ex-
ponent 0.62 is close to but not yet identical with the prediction
in [17], and is presumably due to the slow separation of heat
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FIG. 5: (color online) Plot ofCrr(x, t) around the left-moving sound
peak for T = 0.2. (a) The anharmonic model correlations scaled
with x ∼ t1/2. (b) The CR model scaled similarly with an additional
exponentially decaying pre-factor. The sound speed at this tempera-
ture is c = 0.938791. The constant a = 3.49.
and sound modes at low temperatures as seen in simulations
elsewhere [26].
The stretch-stretch correlations for the anharmonic and CR
models agree near the sound peak at short times (not shown).
At longer times, Crr(x, t) for the anharmonic chain (Fig.
5a) continues to satisfy a x ∼ t1/2 scaling for the sound
mode as predicted from nonlinear fluctuating hydrodynam-
ics, but the sound peaks of the CR model (Fig. 5b) start to
diverge from the anharmonic model. The scaling in the fig-
ure indicates that close to the peak the sound mode scales as
Crr(x, t) ∼ exp(−t/τ) 1t1/2 f(x/t1/2), with τ ≈ 1880, which
is considerably different from τ ≈ 700 for S(t) as shown in
Fig. 3. This is not surprising since this scaling form does not
hold away from peak, as is evident from Fig. 5b. The ex-
ponential term in the sound peak indicates that even at low
temperatures the sound modes are transient, but the large τ
means that one would have to wait very long before the sound
modes disappear and a diffusive scaling of the heat mode is
observed.
For momentum non-conserving models, one expects the
roles of the stretch and momentum fields to become inter-
changed. The momentum correlations would be short-ranged,
and consequently the hydrodynamic currents for stretch and
energy fields would vanish, leading to normal diffusion of
these fields. Indeed for the harmonic model with random ve-
locity flips (which conserves energy and density but not mo-
mentum), a rigorous derivation of the hydrodynamic limit (see
Sec. (3) of [30]) gives macroscopic diffusion equations sim-
ilar to Eq. (3), with the field index running over stretch and
energy fields.
It has so far been believed that breaking translational sym-
5metry is crucial to normal heat conduction, but the CR model
had remained a puzzle. We show that it is not translational
invariance but the number of conserved fields that decides
whether transport is normal. To put it concisely, whenever
stretch (momentum) is not conserved in a one-dimensional
model, the momentum (stretch) and energy fields exhibit nor-
mal diffusion. The possibility of normal transport in one di-
mension has been a matter of long-standing debate, and in this
work we identify sufficient hydrodynamic criteria for normal
transport of energy in one-dimensional systems.
Note: During preparation of this manuscript we came to
know of a related work on the rotator model [31] with similar
conclusions as ours.
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